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1. INTRODUCTION 
In Oscillation Theory one is interested in knowing if the solutions of a 
given differential equation are oscillatory in the interval (0, CO). A solution 
is said to be oscillatory in (0, co) if and only if it has an infinite numbers of 
zeros there, but it is nonoscillatory otherwise. The equation 
ym + 4y’ + ry = 0, W) 
where 4 and Y are real-valued is said to be oscillatory if and only if it has at 
least one nontrivial oscillatory solution. It is nonoscillatory if all its solutions 
are nonoscillatory. Another question of interest is, “What happens to the 
nonoscillatory solutions, if there are any, of an oscillatory equation as 
t --f a3 ?‘, 
In this paper we will answer some of the above questions with respect 
to Eq. (H) on the interval [a, cc), where a > 0. Equation (H) will be shown 
to be oscillatory in two cases. The first will be where the coefficient 4 has no 
restrictions on it with respect to sign, but where r must be nonzero on [a, cc). 
In the second case, there is no restriction on r, but 4 must be positive on 
[a, cc) and eventually monotonic. In existing theorems the coefficients do 
not possess this freedom with respect to sign. See Barrett [l], Hanan [2], 
Lazer [4], and Swanson [6]. 
The results will be obtained by making use of some corollaries concerning 
asymptotic solutions of Eq. (H) previously developed by the author [5]. 
It should be mentioned that, because of the nature of the asymptotic 
solutions we will be able to determine what happens to the solutions and their 
first and second derivatives as t -+ cc. 
Also, the asymptotic solutions will only provide information about the 
actual solutions on an interval [t, , co) where t, > a. The following well- 
known lemma is needed. 
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LEMMA 1. If r and q are continuous on [a, co) and ;fy, a solution of Eq. (H), 
is oscillatory or nonoscillatory on [t, , m) where t, 3 a, then y is oscillatory 
OY nonoscillatory on [a, 00). 
Proof. It is obvious that if y is oscillatory on [to , cc), then it is oscillatory 
on [a, c0). 
Now suppose that y is nonoscillatory on [to , W) for some t, > a and oscil- 
latory on [a, to). Then there is a sequence of distinct numbers {ti}~zl in [a, to) 
such that y(tJ = 0 for each i. Since [a, t,,] is closed and bounded, the sequence 
has a limit point t’ in [a, t,]. Because each of y, y’, and y” are continuous on 
[a, oo), we have 
y(t’) = y’(t’) = y”(t’) = 0. (1) 
Now since Y and q are continuous on [a, co) we know from the uniqueness 
theorems of ordinary differential equations that the only solution of Eq. (H) 
which satisfies (1) is the trivial solution y(t) = 0 for all t in [a, 00). But this is 
a contradiction since y is nonoscillatory on [to , cc). 
Therefore y is nonoscillatory on [a, c;o). 
2. Y NONZERO AND DOMINANT 
Here we will consider the case where Y # 0 and q/r1j3 is small on [a,co). 
From here on we will make use of the symbol L(a, a) which refers to the 
set of all complex-valued functions which are Lebesque integrable. 
The following theorem and lemma are needed. 
THEOREM 2. (Hinton [3]). Ifr > 0 on [a, m) andr”/rl+llm, for n = I,2 ,... 
is inL(a, oo), then 
(i) rlln is not inL(a, m), 
(ii) (Y’/Y’+“~)’ is in L(a, CD), and 
(iii) (~‘/rl+l/~~)~ is inL(a, co). 
LEMMA 3. If r”lr413 is in L(a, co) and OL is any real number such that 
ar113 > 0 on [a, ox) and /3 = *l/3, then 
rsexp (-a Jly1/3dT) -0 
ast+ co. 
Proof. Assume that Y > 0 and therefore so is 01. First we would like to 
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show that r’/r413 - 0 as t + 00. By Theorem 2(ii) we see that r’/r413 - c, 
a constant, as t -+ cc. Hence (r’/r413)” + c2 as t -+ co. Assume that c # 0. 
Then given E = (l/2) c2 there is a number a, 3 a such that for t > a, , 
(l/2) c2 < (~‘/r~/~)~ < (3/2) c2, 
(l/2) c2r1i3 < (T’/Y’/~)~ < (3/2) c~Y~/~. 
But by Theorem 2 (i) and (iii) we see that this cannot hold. Therefore c = 0. 
Now since ~‘/r~/~ --f 0 as t + cc, there is a number a, > a such that 
for t > u1 , 
,L?(ar’/a.Y) < (a/2) r1/3, 
and thus 
10g(lXr(t)/LY.r(al))~ < (X/2) jL G/s &, 
a1 
0 < (aY(t)/mr(al))E < exp ((a/2) f, r1i3 A), 
0 < (4>/44Y exp (-a jt, r1/3 d7) < exp (-(a/2) jt, r1/3 &). 
Applying Theorem 2 (i) to the last inequality above gives 
(ar(t)/ar(ul))O exp (-IX j” +I3 d’) -+ 0 
a1 
as t + cc. Finally, multiplication by the proper constants yields the desired 
results. 
For r < 0, use the fact that (-Y) > 0 in Theorem 2 and follow a similar 
argument. 
Now for the main theorem involving the asymptotic solutions of Eq. (H). 
THEOREM 4. If r # 0 on [a, co), and rx/r413 and q/r113 are in L(a, w), 
then there are three linearly independent solutions of Eq. (H) such that, one 
solution y1 is nonoscillatory on [a, 00) and the other two, y2 and y3 , are oscillatory 
on [a, co). Furthermore, 
(i) for r>O and j=O,1,2, y:“+O us t-cc andyy’, y?‘ure 
unbounded on [u, co), and 
(ii) for Y < 0 and j = 0, 1,2, yy)- fco as t -+ co and yc’, y:i’ 
converge to zero as t + co. 
Proof. The hypotheses satisfy Corollary 5 of [5]. By computing the 
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matrices in the results of this corollary one obtains three linearly independent 
solutions z1 , za , and xs of Eq. (H) and a number t, > a such that, for t > t,, 
and k = 1,2,3, 
zk(t) = r1j3 exp ipk J10 r113 A) (1 + o(l)), 
+‘(t) = cLk exp (pk j:,, +I3 dr) (1 + o(l)), 
‘$@) = & r 2 v3 exp (pk jl r1/3 dT) (1 + o(l)), 
(2) 
where p1 = 1, pz = l/2 + ~‘3 i/2, pa = l/2 - ~‘3 i/2 and (1 + o(1)) -+ 1 
ast+ 03. 
mce r # 0, yr is nonoscillatory on [to , co) and hence 
on~ZvZ;tdv;LTrZmaS. 
Fo; the oscillatory solutions, set 
zk = Ok exp(i&) (3) 
for k = 2, 3 and where 8, and #k are real-valued functions on [a, a). Let y2 
be the real part of z2 and y3 the imaginary part of z3 , i.e., 
y2 = &cos#,, 
y3 = d3 sin *3 . 
If we can show that #2 and #a go to &cc as t + co, then the solutions ya 
and y3 will be oscillatory. 
Using (2) and (3) we obtain fork = 2, 3 
as t + co. Considering the modulus gives for k = 2, 3 




00, and for the argument 
$2 - (G/2) jt r113 dr + 2krr + 0, 
to 
lCI3 + (m4 jt r113 dr + 2kx + 0 
to 
co, where k is some integer. 
(4) 
142 PFEIFFER 
From Theorem 2 (i) one observes that 
t 
r113dr -+ &CC 
to 
as t -+ co depending on whether r > 0 or r < 0. Using this and (4) we see 
that #a and #3 diverge to f 03 as t -+ co. Therefore, ya and ya are oscillatory 
on [to , 00) and hence on [a, 60). 
It is clear that yi , ya , and ya as defined are linearly independent solutions 
of Eq. (H). 
To show that (i) and (ii) hold, one uses the fact that 
1 y'j' / = / @' / 
k 
fori = 0, 1, 2 and k = 1, 2, 3, in conjunction with (2) and Lemma 3. 
An example of an equation covered by this theorem but no other known 
theorem is 
y’# + (l/t) sin ty’ + t3y = 0. 
This equation is oscillatory and its solutions satisfy part (i). Notice that 
q(t) = (I/t) sin t constantly changes sign. 
3. q POSITIVE, MONOTONIC AND DOMINANT 
Here we will consider the case where 4 > 0 and eventually monotonic, 
and y/q is small on [a, 00). The restrictions 4 > 0 and monotonic are necessary 
in order to use a previously developed corollary by the author [5]. 
THEOREM 5. If q > 0 on [a, oo), and monotonic on [a, , 00) for some 
a, > a, and q”/q312 and r/q are in L(a, co) then there are three linearly inde- 
pendent solutions of Eq. (H) such that one solution y1 is nonoscillatory on [a, CD) 
and the other two solutions yz and y3 are oscillatory on [a, CO). Further, 
(i) y:j’/qii2 + 1 as t -+ co for j = 0, 1, 2, 
(4 Y2 , Y2’ , y3 a and y3’ are bounded if and only if q-l is bounded, and 
(iii) yi and y.;i are bounded if and only if q is bounded. 
Proof. The hypotheses satisfy Corollary 9 of [5]. In particular, q being 
monotonic satisfies the requirement that +q’/q satisfies Condition I. By 
computing the matrices in the results of this corollary one obtains three 
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linearly independent solutions x1 , zs , and zs of Eq. (H) and a number 
t, 3 a such that, for t > t, , 
x:“(t)/q~‘“(t) + 1 (5) 
as t ---t 00, and, for k = 2, 3 and j = 0, 1,2, 
z(j) = (( - l)“i>j qj/2-3i4 exp(( - 1)” G)(l + o( 1)) 1; (6) 
with 
s(f) = St q112(1 + (1/16)(q’/q”l”)“)‘l” dT. 
to 
As in the previous theorem, set y1 = zr ; then yr is nonoscillatory on 
[t, , co) and hence on [a, co) by Lemma 1. 
For the oscillatory solutions, set 
+ = 4 exp(WN (7) 
for K = 2, 3 and where erc and #lc are real-valued functions on [a, co). Let 
y2 and y3 be the real and imaginary parts of z2 and z, , respectively, i.e., 
Y2 = 02 cos(42), 
y3 = 63 sin(#3). 
Now show that #s and +3 diverge to *CD, respectively, as t -+ CD. Using (6) 
and (7), we obtain for K = 2, 3 
4 
q--3/4 -1 and & + (-l)“-’ 6 + 2kn --f 0 
as t + co and where k is some integer. Substituting q for Y in Theorem 2 
tells us that p112 is not inL(a, co). Furthermore, we may show that q’/q312 + 0 
as t + cc by using the same argument that was used to show that r’/r4i3 + 0 
as t + co in Theorem 3. These two facts tell us that 6 + CO as t + co 
and hence ti2 --f + co and #3 + -cc as t ---f co. Therefore, y2 and y3 are 
oscillatory on [to , co) and hence on [a, co). 
Parts (i), (ii), and (iii) follow readily from (5) and (6). 
An example of an equation covered by this theorem but no other known 
theorem is 
y” + t3y’ - t sin ty = 0. 
This equation is oscillatory and its solutions satisfy (i), (ii), and (iii). 
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